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This paper gives 43 new BIBDs (balanced incomplete block designs); most of 
them have r~<41 and are thus additions to the list by Mathon and Rosa (Ars 
Combin. 30 (1990), 65-96). Some of these BIBDs are resolvable. Also included are 
(v, 7, 3) BIBDs for v = 519, 665 and some (p2+ 1, p(p2+ 1)/2, p(p+ 1)/2, p+ 1, 
(p + 1)/2) BIBDs for p a prime power. © 1994 Academic Press, Inc. 
1. INTRODUCTION 
A balanced incomplete block design (BIBD) with parameters 
(v, b, r, k, 2) consists of a v-set S plus b k-element subsets of S called blocks 
satisfying the following conditions: 
(1.1) Every element of S appears in r blocks. 
(1.2) Any two distinct elements of S appear together in 2 blocks. 
In addition, if the blocks of a BIBD can be divided into r classes of size 
b/r so that every element of S appears in one block from each class, the 
design is called resolvable. (This condition of course requires b/r to be an 
integer). 
The parameters of a BIBD are not independent- -g iven v, k and 2, r and 
b are easily obtained from the relations r = 2(v - 1 )/(k - 1 ) and b = vr/k = 
2v(v -  1) /k(k -  1). Hence a (v, b, r, k, 2) B IBD is sometimes just called a 
(v, k, 2) BIBD. 
This paper gives several new examples of BIBDs. Specifically, BIBDs are 
given for the parameter sets in Table I. Some of the BIBDs in this table are 
quasi-derived (i.e., designs with r = v -1 ,  2 = k -1 ) .  At least one BIBD 
is now known for all quasi-derived parameter sets with v ~< 44, k <~ v/2. 
For v = 45 and 46, however, quasi-derived (v, k, 2) BIBDs appear to be 
unknown for k = 15, 2 = 14, and k = 18, 2 = 17. 
Other types of BIBDs included in Table I are BIBDS with k = 7, 2 = 3 
(designs 42 and 43) and BIBDs with (v, b, r, k, 2 )= (p2+ 1, p (p2+ 1)/2, 
p(p+l ) /2 ,  p+l ,  (p+l ) /2 )  (designs 27, 34, 39, and 40); more is said 
about these later on. 
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No. v b r k 2 No. v b t" k 2 
1" 15 84 28 5 8 23 46 230 45 9 8 
2* 15 105 35 5 10 24 46 138 30 10 6 
3* 21 60 20 7 6 25 46 184 40 10 8 
4* 21 90 30 7 9 26 46 207 45 10 9 
5* 28 144 36 7 8 27 50 175 28 8 4 
6 30 87 29 10 9 28 53 159 39 13 9 
7 34 68 24 12 8 29 55 165 27 9 4 
8* 35 119 17 5 2 30* 63 279 31 7 3 
9 35 85 17 7 3 31" 63 217 31 9 4 
10 35 85 34 14 13 32 67 134 24 12 4 
11" 36 126 21 6 3 33 77 418 38 7 3 
12 36 90 20 8 4 34 82 367 45 10 5 
13 36 135 30 8 6 35 85 340 34 7 2 
14" 40 312 39 5 4 36 97 388 36 9 3 
15" 40 195 39 8 7 37 121 484 40 10 3 
16 40 104 26 10 6 38 121 242 32 16 4 
17" 42 287 41 6 5 39 122 671 66 12 6 
18" 42 246 41 7 6 40 170 1105 91 14 7 
19 42 123 41 14 13 41 181 724 40 10 2 
20 43 86 14 7 2 42 519 19203 259 7 3 
21 44 172 43 11 10 43 665 31540 332 7 3 
22 45 198 44 10 9 
Note. Designs marked * are resolvable. 
2. DESIGNS WITH ABELIAN AUTOMORPHISM GROUPS 
OF ORDER V OR V- -1  
It is convenient to start with these as they tend to be the simplest to 
construct. Here S is taken to consist of the elements of an abelian group 
of size v or v -1  (plus one additional element, labeled o% if [GI =v-1) .  
For some m, a collection of blocks B~, B=, ..., Bm is then given; B1, ..., Bm 
are called base blocks. The remaining blocks in the design are then B i + x 
(x~G), where Bi+x denotes the block obtained by adding x to all 
elements of B~. For this purpose, oe + x = ~ for all x ~ G. 
None of the designs in this section have any repeated blocks; thus a 
block B should be included in the design once only even if B--B~ + x for 
more than one x ~ G. In some cases, the group G can be extended to a ring 
and it is possible to include some multiplicative structure in the design. 
This means that for some base blocks Bi, Bj, Bj = cB~, where cB i denotes 
the block obtained by multiplying all elements of Bi by c (for this purpose, 
c. oo = oo for all c~G) .  If B i=  cB~ for some c~G and n is the smallest 
integer > 0, such that c n = 1, then c is called a multiplier of B~ of order n. 
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Sometimes the elements of G are written as ordered pairs (x, y) (where 
x ~ G1, y e G2, and G1, G2 are smaller groups). In this case G is denoted as 
G 1 x G 2 and, where appropriate, (a, b)B denotes the block consisting of the 
ordered pairs (ax, by) ((x, y) ~ B). 
Base blocks are now given for the BIBDs constructed by the above 
method: 
A (30, 87, 29, 10, 9) BIBD. Here S is Z(29) w {oe}. Base blocks are 
B I= {o%0, 1, 5, 7, 16, 19,20,23,28} 
B2= {0, 2, 3, 6, 8, 10, 11, 18, 22, 23} 
B 3 = {0, 2, 3, 5, 6, 16, 17, 22, 25, 27}. 
A (34, 68, 24, 12, 8) BIBD. Here S is Z(34). Base blocks are 
B 1 = {0, 5, 9, 14, 15, 17, 20, 25, 26, 27, 28, 30} 
B 2 = {0, 6, 7, 10, 13, 17, 18, 20, 22, 24, 25, 26}. 
A (34, 51, 18, 12, 6) BIBD has been obtained by Greig I-1]. By combining 
these designs a (34, 12, 2) BIBD can be obtained for any even 2 ¢2,  4 
or 10. No design is possible for 2 = 2 or 4 [-7] but the case 2 = 10 remains 
in doubt. 
A (43, 86, 14, 7, 2) BIBD. Three (43, 7, 2) BIBDs are already known 
(Jungnickel [-6]) but unlike the one given here, they all have repeated 
blocks. For the following (43, 7, 2) BIBD, S is Z(43). Base blocks are 
B1 = {0, 1, 11, 19, 31, 38, 40} 
B 2 = {0, 2, 10, 16, 25, 38, 42 }. 
A (44, 172, 43, 11, 10) BIBD. Here S is Z(43)~) {oo}. Base blocks are 
B 1, B 2, 6B2, and 36B2 where 
Bl~ 
92  = 
Here 6 is a multiplier 
A (46, 184, 40, 10, 8) 
91 = 
B 2 = 
93= 
94  = 
{o% 0, 2, 3, 4, 12, 15, 18, 22, 24, 29} 
{0, 2, 3, 7, 9, 13, 18, 24, 26, 32, 40}. 
of B1 of order 3. 
BIBD. Here S is Z(46). Base blocks are 
{0, 1, 3, 12, 13, 16, 18, 19, 26, 27} 
{0, 1, 9, 22, 24, 27, 29, 33, 39, 43} 
{0, 1, 4, 12, 26, 28, 30, 35, 36, 41 } 
{0, 2, 7, 10, 14, 27, 29, 30, 35, 39}. 
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A (55, 
B 1 = 
B2 = 
B3= 
165, 27, 9, 4) BIBD. Here S is Z(5) × Z(l l ) .  Base blocks are 
{(0,0) , (0,1) , (0,3) , (1,4) , (1,10),(2,9) , (3,9) , (4,4) , (4,10)} 
{(0,0) , (0,1) , (0,3) , (1,6) , (2,4) , (2,8) , (3,4) , (3,8) , (4,6)} 
{(0, 1),(0, 3),(0, 4),(0, 5),(0, 9),(1, 6),(2, 2),(3, 2),(4, 6)}. 
Here (1, 10) is a multiplier of B1, 92, 93 of order 2. 
A (67, 134, 24, 12, 4) BIBD. Here S is Z(67). Base blocks are 
B1 = {1, 8, 23, 25, 28, 29, 31, 37, 47, 54, 55, 64} 
B 2 = {3, 20, 25, 32, 36, 39, 44, 45, 54, 55, 57, 59}. 
Here 29 is a multiplier of B1, B2 of order 3. 
A (97, 388, 36, 9, 3) BIBD. Here S is Z(97). Base blocks are B 1, 4B1, 
16BI, and 64B~, where 
B 1 = {1, 2, 25, 35, 46, 58, 61, 70, 90}. 
Here 35 is a multiplier of B1 of order 3. 
A (121,484, 40, 10, 3) BIBD. Here Sis GF(121). The elements of S can 
be written as ax+ b, where a, b~Z(11)and x is a primitive 120th root of 
unity satisfying x2= 8x+ 3. Base blocks are B1, x3B~, x6B1, and x9B1, 
where 
B 1 = {1, 3, 4, 5, 9, x+8,  3x+2, 4x+ 10, 5x+7, 9x + 6}. 
Also 3 is a multiplier of B1 of order 5. 
A (121,242, 32, 16,4) BIBD. Here again S is GF(121) and x is a 
primitive element satisfying x2=8x+ 3. Base blocks are B~ and xZB1, 
where 
B I= {0, 1, 3, 4, 5, 9, 2x+ 1, 6x+3, 7x+9, 8x+4, 10x + 5, 
x+8,  3x+2, 4x+ 10, 5x+7, 9x+6} 
xS= 2x + 1 is a multiplier of Ba of order 15. 
The next two designs have parameter sets of the form (v, k, 2)= 
((q2+ 1)/2, (q+ 1)/2, 2). Greig [2] gave a method of constructing these 
designs when q is an odd prime power; however, his designs, unlike the two 
below, have repeated blocks. 
An (85, 340, 28, 7, 2) BIBD. Here S is Z(5) x Z(17). Base blocks are Bx, 
(1, 16)B1, (2, 4)B~, and (2, 13)B 1, where 
B 1 = {(0, 0), (0, 1), (0, 3), (1, 1), (1, 11), (2, 15), (4, 5)}. 
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A (181,724, 40, 10, 2) BIBD. Here S is Z(181). Base blocks are 
B1, B2, 31B1, and 31B2, where 
B1 = {1, 7, 40, 42, 51, 59, 113, 125, 135, 151} 
B2 = {12, 18, 32, 52, 77, 78, 142, 157, 165, 172}. 
Here 59 is a multiplier of B1, B2 of order 5. 
(63, 279, 31, 7, 3) and (63, 217, 31, 9, 4) BIBDs (Resolvable). S is 
Z(2) x Z(31)w {oo } for these designs. Base blocks for the (63, 7, 3) BIBD 
are  91 ,  B 2 = (1, 5) B1, Bs = (1, 25)B~, B4, and B5, where 
B 1 = {(0, l), (0, 6), (0, 13), (0, 14), (0, 21), (1, 18), (1, 20)} 
94 = {(0, 0), (0, 2), (0, 10), (0, 19), (1, 17), (1, 22), (1, 23)} 
Bs = {o% (0, 11), (0, 24), (0, 27), (1, 11), (1, 24), (1, 27)}. 
For the (63, 9, 4) BIBD, base blocks are C~, C2, C3, C4, where 
C 1 = {(0, 1), (0, 4), (0, 5), (0, 7), (0, 20), (0, 25), (1, 8), (1, 9), (1, 14)} 
C2 = {(0, 3), (0, 11), (0, 13), (0, 15), (0, 24), (0, 27), (1, 6), (1, 26), (1, 30)} 
C3 = {(0, 12), (0, 16), (0, 18), (0, 21), (0, 28), (0, 29), (1, 2), (1, 10), (1, 19)} 
C4 = {(oo, (0, 0), (0, 17), (0, 22), (0, 23), (1, 0), (1, 17), (1, 22), (1, 23)}. 
(1, 5) is a multiplier of order 3 of all these blocks except B1. Also B5 and 
C4 generate only 31 blocks (Bs + (1, 0) = Bs, C4 + (1, 0) = C4). 
Finally, the blocks Bi, B i+(1,0)  (for the (63,7,3) BIBD) and 
C~, Ci+ (1, 0) (for the (63, 9, 4) BIBD) constitute resolution classes. Other 
resolution classes are obtained by developing these blocks rood (-, 31). 
The next four designs are also resolvable. In each case, the base blocks 
given form a resolution class; by adding each element of G to all base 
blocks, IG[ = v -  1 resolution classes are obtained in all. 
(40, 312, 39, 5, 4) and (40, 195, 39, 8, 7) BIBDs (Resolvable). S is 
Z(3) x Z(13) ~ {oo} for these designs. Base blocks for the (40, 5, 4) BIBD 
are Bi, (1, 3)B~, (1, 9)B~ ( i= 1, 2), B3 and B4, where 
B 1 = {(0, 1),(0, 4),(1, 3), 
B2={(0, 5), (0, 7),(1, 4), 
B3= {(0,0),(1,0),(1,2), 
B4= {oo, (2, 0),(2, 1),(2, 
(1, 7),(2, 10)} 
(2, 2),(2, 7)} 
(1, 5),(1, 6)} 
3),(2,9)}. 
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Base blocks for the (40, 8, 7) BIBD are C1, (1, 3)C1, (1, 9)C1, C2, and C3, 
where 
C1 = {(0, 2), (0, 3), (0, 10), (0, 11), (1, 11), (1, 12), (2, 5), (2, 8)} 
C2 = {(0, 0), (1, 1), (1, 3), (1, 9), (2, 0), (2, 1), (2, 3), (2, 9)} 
C 3 = {O0, (1, 0), (1, 2), (1, 5), (1, 6), (2, 4), (2, 10), (2, 12)}. 
(1, 3) is a multiplier of order 3 of B3, B4, C2, and C3. 
(42, 287, 41, 6, 5) and (42, 246, 41, 7, 6) BIBDs (Resolvable). S is 
Z(41)v0 {oo} for these designs. For the (42, 6, 5) BIBD, base blocks are 
37iB1 (0 < i ~< 4), B2, and B3, where 
B 1 -- {8, 17, 18, 25, 34, 36} 
B 2 = {0% 15, 22, 24, 27, 35} 
B 3 = {0, 3, 7, 13, 29, 30}. 
For the (42, 7, 6) BIBD, base blocks are 37iC1 (0 ~< i~<4) and C2, where 
C 1 = {8, 15, 17, 18, 25, 34, 36} 
C 2 = {o% 0, 3, 7, 13, 29, 30}. 
Here 37 is a multiplier of order 5 of B2, B3 and C2. 
A (15, 84, 28, 5, 8) BIBD (Resolvable). Here S is Z(2)xZ(7)vo {m}. 
Base blocks are 
B~ = {(0, 5),(1, 1),(1, 2),(1, 3),(1, 6)} 
B2= {(0, 0),(0, 1),(0, 2),(0, 4),(1, 4)} 
B3= {oO,(0, 3),(0, 6),(1, 0),(1, 5)} 
B4= {(0, 0),(0, 6),(1, 0),(1, 1),(1, 3)} 
Bs= {(0, 1),(0, 2),(0,4),(1, 2),(1, 6)} 
9 6 = {OO, (0, 3), (0, 5), (1, 4), (1, 5)}. 
Both {B1, B2, 93} and {B4, Bs, 96} form a resolution class; developing 
these blocks rood (2, 7) gives 28 resolution classes in all. 
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A (665, 31540, 332, 7, 3) BIBD. Here S is Z(35) x Z(19). The first three 
base blocks are 
Bl= {(0,0),(0,1),(1,6),(8,15),(14,2),(20,10),(27,12)} 
B2 = {(0,0),(1,1),(11,7),(16,11),(3,6),(33,4),(13,9)} 
B3 = {(0,0),(2,18),(22,12),(32,8),(6,13),(31,15),(26,10)}. 
In all there are 27 base blocks of the form (11 i, 1U)B, and nine of each 
of the forms (1, 17J)B2 and (1, 17J)B3 (0~<i~<2, 0~<j~<8). Finally, for 
each y e Z(19), a (35, 85, 17, 7, 3) BIBD is constructed on Z(35)x {y}. An 
example of a (35, 7, 3) BIBD is given later in this paper; another is given 
by Hanani [5]. 
A (519, 19203, 259, 7, 3) BIBD. Here S is Z(14)xZ(37)w{oo}. The 
first two base blocks are 
B1 = {(0,2),(0,6),(2,35),(4,25),(1,21),(1,29),(7,1)} 
B2 = {(0,0),(1,1),(9,10),(11,26),(3,16),(13,12),(5,9)}. 
There are 36 base blocks in all; 27 are of the form (11 i, 16J)B1 and 9 are 
of the form (1, 16J)B2 (0~<i~<2, 0~<j~<8). Finally, for each y~Z(37), a 
(15, 15, 7, 7, 3) BIBD is constructed on Z(14) x {y} w {oo}. 
Note that Hanani [5] proved that (v, 7, 3) BIBDs exist for all v = 1 or 
7 (mod 14) except possibly for v--323, 351, 407, 519, 525, 575, and 665. 
Further, Greig [3] has given constructions for v = 323, 407, and 575. This 
leaves only v = 351 and 525 unsolved. 
The next four BIBDs have parameters of the form v=p2+l ,  
b = p(p2 + 1)/2, r = p(p + 1)/2, k = p + 1, 2 = (p + 1)/2. It is conjectured 
here that such designs exist whenever p is an odd prime power. For p = 3 
and 5, such designs have been known for some time. Designs for 
p = 7, 9, 11, and 13 are given below. 
In each case S contains the elements of V2 (p), the 2-dimensional vector 
space over GF(p), and oo. There is one major base block B1 not containing 
oo; if x is a primitive root of GF(p), the other base blocks not containing 
ov are (x t, xt)B1 for 1 ~< t~< (p-- 3)/2. Finally, for each of (p+ 1)/2 points 
(y, z) (called extra points), there is a base block containing ~ and the p 
points (ey, cz) (e E GF(p)). Clearly only p blocks are generated by each of 
the base blocks containing c~. 
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A suitable base block B1 and extra points (y, z) are now given for each 
of these designs: 
p=7:A  (50,175, 28, 8, 4) BIBD. Here B l= {(0, 0), (0,1), (0, 2), (1, 0), 
(2, 2), (4, 1), (4, 5), (6, 6)}, and the extra points are (1, z) for z=0,2 ,3  
and 6, 
p=9:  A (82,367,45,10,5) BIBD. The elements of GF(9) can be 
written as ax+b,  where a ,b~Z(3)  and x is a primitive element satis- 
fying x2=x+l .  Here B I={(0 ,0) ,  (0,1), (x,x), (x, 2x), (x, 2x+l ) ,  
(x+ 1, 2x+2) ,  (2x, 2x+2) ,  (2x+ 1, 2x+ 2), (2x+ 2, 2), (2x+ 2, 2x+ 1)}, 
and the extra points are (1, z) for z=0,  x, x+ 1, 2x and 2x+ 1. 
p = 11: A (122, 671, 66, 12, 6) BIBD. Here B1 = {(0, 0), (0, 4), (0, 7), 
(1, 0), (1, 1), (2, 2), (5, 1), (5, 3), (6, 1), (6, 5), (8, 10), (10, 3)}, and the 
extra points are (1, z) for z = 0, 3, 5, 6, 7 and 8. 
p = 13 : A (170, 1105, 91, 14, 7) BIBD. Here B~ = {(0, 0), (0, 1), (1, 1), 
(1,5), (2,4), (4,5), (5,8), (5, 12), (6,2), (7,4), (7, 12), (8,5), (8,8), 
(8, 9)}, and the extra points are (1, z) for z = 2, 6, 7, 8, 9, 10 and 11. 
3. DESIGNS WITH NON-ABELIAN AUTOMORPHISM GROUPS 
For each of the designs in this section, a non-abelian automorphism 
group G is defined (in permutation form) on the elements of S; G then acts 
on the blocks of the design as follows: If g E G, B= (xl, x2 ..... xk) is a 
block and g(xfl = yj then g(B) = (Yl, Y2 .... , Yk). 
Next a set of base blocks B1, B2 ..... Bm is given. The blocks in the design 
are then g(Bi) (g E G, 1 <<. i <<. m). 
In some cases there are base blocks Bi such that g(Bi) = B~ for more than 
one g ~ G; in this case, blocks generated by B~ should be included only 
once in the design unless otherwise specified. In fact, only three designs 
in this section have any repeated blocks: the (21, 7, 9), (36, 8, 4), and 
(53, 13, 9) BIBDs. 
These designs are classified according to the order of the group G. 
3.1. Designs with ]G] =21 
For all these designs, the elements of S come from ~ and tx, x~Z(7),  
! ~< t ~< 6. The group G is generated by the following automorphisms v,c~ 
(of orders 7, 3 respectively): 
~: (to, tl, t2 ..... t6), (oe)(1 ~t~<6) 
~: (lx, 22x, 34x), (tx, tax, t4x), (oo) (4<~ t~< 6, x e Z(7)). 
The set S and base blocks are now given for these designs. 
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A (35, 85, 17, 7, 3) BIBD. Here the elements of 
xeZ(7)) .  Base blocks are 
B1 = {15, 30, 31, 44, 45, 53, 55} 
B2 = {13, 15, 16, 26, 42, 43, 55} 
B3 = {11, 12, 14, 26, 31, 46, 53} 
B 4 = {1~, 16, 24, 25, 31, 33, 50} 
B5 = {15, 16, 23, 25, 33, 36, 40} 
B6 = {14, 21, 32, 50, 51, 52, 54} 
B7 = {40, 41 . . . . . . . . . . . . . .  46}. 
S are tx (l~<t~<5, 
Another (35, 7, 3) BIBD is given by Hanani [5]. His design, unlike the one 
above, has an automorphism of order 5 and no automorphism of order 3 
or 7. 
A (35,85,34, 14, 13) BIBD. Here the elements of S are tx (1~<t~<5, 
x e Z(7)). Base blocks are 
B1 = {11, 12, 14, 21, 22, 26, 31, 40, 41,44, 45, 52, 54, 55} 
B2= {11, 12, 14, 26, 31, 34, 35, 36, 42, 43, 46, 51, 54, 56} 
B3 = {lo, 13, 15, 16, 20, 21, 22, 25, 31, 43, 52, 53, 54, 56} 
B4 = {lo, 11, 12, 14, 23, 25, 26, 33, 35, 36, 40, 43, 46, 52} 
B5 = {4o, 41 . . . . . . . . . . . . . .  46, 50, 51, • . . . . . . . . . . . .  56}. 
A (36, 90, 20, 8, 4) BIBD. Here the elements of S are 
(1 ~< t~< 5, x~Z(7)) .  Base blocks are 
Ba = { lo ,  11, 26, 31, 36, 45, 50, 55} 
0(3 and tx 
B2 = {14, 15, 34, 36, 40, 41, 54, 56} 
B3 = {13, 15, 16, 24, 35, 44, 45, 51} 
B4 = {11, 16, 22, 25, 33, 34, 40, 50} 
B 5 = {0% 14, 16, 21, 25, 32, 33, 50} 
B 6 = {0% 13, 26, 35, 43, 45, 46, 50} 
B 7= {0% lo, 11 . . . . . . . . . . . . . .  16} 
B 8= {o% 40, 41 . . . . . . . . . . . . . .  46} 
B 9 = {c~, 50, 51 . . . . . . . . . . . . . .  56}. 
B9 should be included twice in this design. 
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Other (36, 8, 4) BIBDs (without repeated blocks) are given by van 
Trung [-9] and Greig [-1]. Van Trung's design is embeddable within a (96, 
20, 4) BIBD. 
A (42, 123, 41, 14, 13) BIBD. Here the elements of S are tx (1 ~< t ~< 6, 
x s Z(7)). Base blocks are 
BI = {11,13,16,22,25,26, 33, 34, 
B 2= {12,15,16,23,24,25,31,33, 
B 3 = {lo, 12,23,25,3o, 36,41,4s, 
B 4={14,15,16,2o,31,33,34,4o,  
B5 = {12, 13, 15, 20, 24, 26, 36, 40, 
B6 = {lo, 11, 12, 14, 20, 2s, 26, 46, 
35,50,53,55,56,60} 
6 40,43,45,46,60} 
53,55,61,62,63,64} 
41,45,52,54,56,63} 
44,45,50,60,63,66} 
51,53,5S,60,63,64} 
97= {11, 16, 21, 26, 31, 36, 42, 45, 46, 51, 52, 55, 62, 66} 
B8 = {lo, 11 . . . . . . . . . . . . . .  16, 20, 21 . . . . . . . . . . . . . .  26} 
B 9 = {40, 41 . . . . . . . . . . . . . .  46, 50, 51 . . . . . . . . . . . . . .  56}. 
A (28, 144, 36, 7, 8) BIBD (Resolvable). Here the elements of S are tx 
(1 ~< t <~ 4). The full automorphism group for this design has order 42- it is 
generated by r, c~, and an automorphism /~ which permutes tx and t_x. 
Base blocks are 
91 -~- 
B 2 -- 
B3-= 
B4 = 
B 5 = 
B 6 
B 7 = 
B 8 = 
{lo, 11,21,35,36,41,46} 
{12,16,24,25,31,33,4o} 
{lo, 14,15,24,33,34,41} 
{13,26,3s,4o,43,4s,46} 
{11,12,15,16,2o,43,44} 
{13,14,2a,26,32,35,4o} 
{lo, 11,12 . . . . . . . . . .  16} 
{4o, 41,42 . . . . . . . . . .  46}. 
Here 14 resolution classes are obtained by applying the group generated by 
r,/~ to each of {B1, eB1, e2Bl, B2} and {B3, ~B3, 0¢2B3, B4}. Likewise, 7 
resolution classes are obtained by applying the group generated by r to 
{Bs, ~Bs, ~2B5, B6}. B 7, ~B7, ~2B7, and B 8 form the last resolution class. 
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A (35, 119, 17, 5, 2) BIBD (Resolvable). 
Here the elements of S are t x (1 ~ t ~ 5). Base blocks are 
B1 = {lo, 12 ,42 ,46 ,54} 
B 2 = {13,14 ,22 ,36 ,53} 
B 3 = {16,25,33,40,50} 
B4= {12, 16, 22, 44, 45} 
Bs={lo,  14,15,35,53} 
B 6= {40,50,51,52,54} 
B7= {16,23,35,43,56}. 
The blocks eiB 1, cdB 2 (0~< i~<2), and B 3 form a resolution class as do 
eiB4, cdB 5, and B 6. Applying the group generated by ~ to them gives the 
first 14 resolution classes. The last three resolution classes contain all 
blocks of the forms riB7, "cJo~B7, and vJe2B 7 respectively. 
The full automorphism group of the next two designs has order 63 it 
is generated by ~, ~ and an automorphism fl= (Ix, 2x, 3x), (4x), (5x), (oo). 
A (36, 126, 21, 6, 3) BIBD (Resolvable). 
Here the elements of S are oo and tx (1 ~< t~ 5). Base blocks are 
B 1 = {lo,23,35,41,45,56} 
B2= {o% 16, 25,33,40, 50} 
B 3= {21,22,24,31,32,34} 
B 4= {11,12,14,51,52,54}. 
Resolution classes for this design are obtained by applying the group 
generated by ~, fi to {B1, ~B1, ~2B1, B2, B3, B4}. 
A (21, 90, 30, 7, 9) BIBD (Resolvable). 
Here the elements of S are tx (1 ~< t ~< 3). Base blocks are 
B1 = {lo, 11, 16, 24, 26, 32, 36} 
B2 = {11, 12, 14, 23, 2s, 26, 30} 
B3= {lo, 11, 12 . . . . . . . . . .  16}. 
(B3 should be included twice in this design.) 
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Here 21 resolution classes are obtained by applying the group generated 
by r,/3 to {B 1, c~B 1, ~2B1}; 7 are obtained by applying the group generated 
by r to {B 2, ~B2, c~2B2}. B3, ~B3, and ~2B 3 (taken twice) form the last 2 
resolution classes. 
3.2. Designs with IGI = 54 
For these designs the elements of S come from oo and tx, xEZ(9) and 
1 ~< t <~ 5. The group G is generated by the following automorphisms ~,c~, fl 
of orders 9, 3, and 2 respectively: 
~: (to, t l ,  t2, ..., ts), (oo)  
c~: (lx, 24x, 37x), (tx, t4x, tTx), (oo ) 
~: (tx, t_x), (oo) 
(1~<t~<5) 
(4~<t~<5, x ~ Z(9)) 
(1 ~< t~< 5, x e Z(9)). 
The set S and base blocks are now given for these designs: 
A (36, 135, 30, 8, 6) BIBD. Here the elements of S are tx (l~<t~<4, 
x e Z(9)). Base blocks are 
B I= {lo, 11, 13, 28, 31, 35, 47, 48} 
B2 = {13, 14, 17, 34, 35, 45, 47, 48} 
B3 = {11, 12, 17, 18, 24, 25, 34, 35}. 
Another (36, 8, 6) BIBD has been given by Greig [1]. His design, unlike 
the one here, contains six identical copies of a (16, 4, 1) BIBD. 
A (45, 198, 44, 10, 9) BIBD. 
x~Z(9)).  Base blocks are 
Here the elements of S are tx (1 <~ t ~< 5, 
B1 = {11, 18, 23, 26, 33, 36, 44, 45, 54, 55} 
B2 = {14, 15, 20, 34, 35, 43, 46, 50, 52, 57} 
B 3 = (lo, 12, 17, 23, 26, 40, 41, 48, 53, 56} 
B4 = {12, 17, 20, 30, 40, 4a, 47, 5o, 54, 55} 
B5 = {11, 12, 24, 28, 35, 37, 50, 52, 55, 58} 
B6 = {15, 17, 21, 22, 34, 38, 40, 41,44, 47} 
B7 = {1o, 11, 13, 15, 16, 2o, 24, 35, 43, 54}. 
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A (46, 230, 45, 9, 8) BIBD. Here the elements of S are 
(i ~<t~<5, xeZ(9)) .  Base blocks are 
B1 = {lo, 16, 18, 26, 31, 44, 4s, 52, 56} 
92 = {11, 12, 16, 27, 35, 47, 50, 53, 57} 
B3 = {11, 13, 16, 18, 23, 26, 31, 38, 40} 
B4 = {13, 16, 31, 38, 41, 43, 46, 48, 50} 
B 5 = {0% 13, 16, 32, 37, 43, 46, 51, 58} 
B 6 = {0(3, 11, 18, 24, 25, 32, 37, 40, 50} 
B 7 = {o% 12, 17, 21, 28, 34, 35, 40, 50} 
B8 = {13, 16, 23, 26, 33, 36, 40, 53, 56} 
oo and tx 
B9 = {14, 15, 22, 27, 31, 38, 43, 46, 5o}, 
plus 91o , BII, and B12 , which are of the form {to, tl .... , ts} for t = 1, 4, 5. 
A (46, 138, 30, 10, 6) BIBD. Here the elements of S are oo and tx 
(1 ~< t~< 5, x e Z(9)). Base blocks are 
B1 = {12, 17, 20, 23, 24, 25, 26, 30, 53, 56} 
B2 = {12, 17, 32, 37, 4i, 48, 53, 54, 55, 56} 
B 3= {0% 14, ls, 2o, 31, 38, 41, 48, 54, 5s} 
B4= {lo, 11, 14, 2l, 33, 38, 43, 46, 48, 58} 
B 5 = {o% lo, 13, 16, 20, 23, 26, 30, 33, 
A (46, 207, 45, 10, 9) BIBD. Here the elements 
(1 ~< t ~< 5, x ~ Z(9)). Base blocks are 
B 1 = {0% 11, 18, 24, 2s, 32, 37, 50, 53, 56} 
92 = {00, 12, 17, 21, 28, 34, 35, 50, 53, 56} 
B3 = {11, 13, 16, 18, 23, 26, 30, 31, 38, 40} 
B4 = {lo, 12, 17, 20, 30, 31, 38, 40, 53, 56} 
Bs = {lo, 13, 16, 34, 3s, 43, 46, 50, 51, 58} 
96 --'-= {10, 31, 33, 36, 38, 42, 44, 45, 47, 50} 
B 7 = {0(3, lo, 11, 18, 33, 36, 40, 42, 47, 50} 
B8 = {11, 14, 23, 28, 34, 42, 43, 51, 53, 58}. 
36}. 
of S are oo and tx 
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3.3. Other Designs 
There are several (15, 105, 35, 5, 10) BIBDs (resolvable). S is Z(3) x Z(5) 
for these designs. First note that Mathon and Rosa [8] have given several 
(15, 63, 21, 5, 6) resolvable BIBDs; any one of these can be extended to a 
(15, 5, 10) resolvable BIBD as follows: 
(1) Construct a (15, 5, 6) resolvable BIBD on Z(3)x Z(5) in such a 
way that the blocks in one resolution class are of the form i x Z(5), 
i e Z(3). Delete these three blocks. 
(2) The blocks Ba, B2, B3 below form a resolution class. By develop- 
ing them mod (3, 5), 15 additional resolution classes are obtained: 
B a = {(0, 0), (1, 2), (1, 3), (2, 1), (2, 4)} 
B2 = {(0, 1), (0, 4), (1, 0), (1, 1), (1, 4)} 
93 = {(0 ,  2), (0, 3), (2, 0), (2, 2), (2, 3)}. 
A (21, 60, 20, 7, 6), BIBD (Resolvable). Here the elements of S are oo 
and t x (1 ~< t~<4, x e Z(5)). The group G is generated by z, c~, and fi, where 
Base blocks are 
z=(to,  tl, t2, t3, t4) 
= (lx, 32x, 24x, 43x) 
/~ = (t . ,  t_~). 
B1 = {10, 11, 14, 32, 33, 41, 44} 
B2 = {~,  21, 24, 31, 34, 42, 43} 
B3 = (12, 13, 20, 22, 23, 30, 40}. 
B1, B2, and B3 are all fl-invariant. Resolution classes are obtained by 
applying the group generated by r, c~ to {B1, B2, B3}. 
A (77, 418, 38, 7, 3) BIBD.  The only known designs with these 
parameters appear to be those due to Hanani I-4]; his designs, unlike 
the one below, have repeated blocks. The elements of S for this design 
are t x (1 ~<t~<7, xeZ( l l ) ) .  The group G is generated by the following 
permutations z, e, fl: 
= (to, tl, ..., tlo) 
= (Ix, 23x, 39x, 4sx, 54x)(tx, t3 x, tgx, tsx, t4x) 
# = (t~, t_~) 
(1~<t~7) 
( t=6,  7) 
(l~<t~<7). 
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B1 = {13, 18, 3o, 45, 46, 5o, 6o} 
B2 = {15, 16, 25, 26, 33; 38, 4o} 
B3 = {lo, 34, 37, 40, 52, 59, 70} 
B4 = {33, 38, 44, 47, 7o, 72, 79} 
B5 = {32, 39, 43, 48, 65, 66, 70} 
B6--- {14, :1-7, 32, 39, 63, 68, 70} 
B 7 --- {13, 18, 34, 37, 65, 66, 70} 
B8 = {19, 25, 34, 41, 53, 60, 70} 
B9 = {lo,  20, 30, 40, 50, 60, 70}. 
The last two designs in this paper have parameter sets (53, 159, 39, 13, 9) 
and (40, 104, 26, 10, 6). First is the (53, 13, 9) BIBD. Here the elements of 
S are tx (l~<t~<4, xEZ(13)) and oo. The group G has order 117 and is 
generated by the following automorphisms of orders 13, 3, and 3: 
~: (oo), (to, tl ..... t12) 
~: (00), (tx, t3x, t9x) 
fl: (oo), (Ix, 2x, 3x), (4x). 
Base blocks (all of which are c~-invariant) are 
B 1 = {o% lo, 17 , 18 , 111 , 20 , 24 , 21o , 222, 30 , 41, 43 , 49 } 
B2 = {lo, 14, 11o, 112, 24 , 21o, 212, 37 , 38 , 3ll, 44, 41o, 412} 
B3 = {12, 14, ls , 16 , 110, 112, 20 , 37 , 38 , 311,47, 48 , 411} 
B 4 = {10, 17, 18 , 111, 21 , 23 , 29 , 37 , 38 , 3ll, 42, 45 , 46 } 
B 5 = {4 o, 41, 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  412}. 
(B5 should be include three times in the design.) 
For the (40, 104, 26, 10,4) BIBD the elements of S are oo and tx 
(l~<t~<3, x EZ(13)). Here G has order 39 and is generated by the 
automorphisms z and c~ given for the previous design. Base blocks (all of 
which are c~-invariant) are 
B1 = {oo, 12, 13, 16, 24,210,212, 37, 38,311} 
B2 = {o% 12, 15, 16, 22, 2s, 26, 31, 33, 39} 
43 BLOCK DESIGNS 267 
B 3 
B 4 --- 
Bs= 
B 6 = 
B 7 = 
B s = 
{14, 110, 112, 20, 31, 33, 37, 38, 39,311} 
{12, 15, 16, 17, 18, 111, 21, 23, 29, 30} 
{10, 21, 22, 23, 2s, 26, 29, 31, 33, 39} 
{ lo ,  17, 18, 111, 22, 2s, 26, 37, 38, 31i} 
{14, 110, 112, 20, 21, 23, 29, 32, 3s, 36} 
{11, 13, 19, 21, 23, 29, 30, 31, 33, 39}. 
Additional Note. After this paper was submitted for publication a paper by Yang and Wei 
was noted entitled Finite Orthogonal Geometries with Characteristic ~ 2 and PBIB Designs 
(Linear Algebra Appl. 134 (1990), 1-23). According to the authors (q2+ 1, q + 1, (q + 1)/2) 
BIBDs exist for all odd prime powers q. Also, a (525, 7, 3) BIBD has been found: 
S = Z(21) x GF(25). 
For GF(25) let x be a primitive lement satisfying x2= x + 3. 
First construct a (21,7,3) BIBD on Z(21)x{y} for all yEGF(25). The remaining 
blocks are obtained by developing mod(21, 25) the 36 blocks (4 i, x '~+n) B for iE {0, 1, 2}, 
me {0, 1, 2, 3), n~ {0, 8, 16}, where 
B= {(0, 2x+ 1), (0, 2x + 4), (1, 0), (7, 2x), (11, 3x+ 1), (13, x+3), (16, x)}. 
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